The purpose of this paper is to give an explicit formula computing the dimension of cohomology group of the sheaf Ω
Introduction
One of the most important invariants in algebraic geometry deals with computation of cohomologies of sheaves. A crucial role in this computation plays some vanishing criteria for higherdimensional cohomologies of certain sheaves. This vanishing then enables one to reduce calculation of the whole cohomology group H q (X, F) to the vector space of global sections Γ(X, F) = H 0 (X, F). For example, Bott vanishing theorem [1] and Serre duality theorem help to compute the dimension of H q (P n , Ω p P n (k)) on the complex projective space P n = P n (C), where Ω p P n (k) := Ω p P n ⊗ O P n O P n (k) and for any k ∈ Z
For simplicity, we denote the dimension of q-th cohomology group of the coherent sheaf F on a complete projective variety X by h q (X, F) = dim C H q (X, F).
Theorem 1.1 Original Bott formula [2]
Let P n be a complex projective space, then
0, otherwise.
For example, when p = 0
The first aim of this paper is to give the generalization of Bott formula for a complete projective toric variety in an analogical situation. Let O X (D) be an invertible sheaf on the toric variety X associated with Cartier divisor D on X. Our main object of study is the sheaf Ω p X (D) of pdifferential forms of Zariski on X. Since we have an analog of Bott vanishing theorem in this situation, one can compute dimension of H q (X, Ω p X (D)) when O X (D) is ample. The answer will be given in terms of combinatorial sums over all faces of the support polytope P playing the role of the number k. The case when O X (D) ≃ O X corresponding to k = 0 was extended to the toric variety in works [3] and [4] . Also, note that for p = 0 we get a well-known result about the cohomologies H q (X, O X (D)) of ample invertible sheaf O X (D), which can be found in any introduction to the theory of toric varieties:
where #(P ∩ M ) is the number of integer points in polytope P in the lattice M . Let N be a free Z-module of rank n and M := Hom Z (N, Z) its dual. Denote by Σ a complete fan of convex polyhedral cones in N R := N ⊗ R. One can associate a so-called toric variety X = X(Σ) with Σ, i.e. a normal complex variety containing torus T N := Hom Z (M, C * ) as a dense open set with an algebraic action of T N on X. For precise definitions and basic refferences about toric varieties see [5] , [4] and [6] . In subsection 4.2 we will give a brief recallation of another, but equivalent, approach to toric varieties which has been introduced and studied in [7] , [8] and [9] . Everywhere we will assume that X is complete and simplicial. Here the precise definition of the sheaf of p-differential forms of Zariski. 
The paper is organized as follows: In section 2, we prove the generalization of original Bott formula computing h q (X, Ω p X ⊗ O X L) when X = P n and L = O P n (k). The generalization will be given in two forms: in theorem 2.1.9 and in theorem 2.2.5. The first version of Bott formula is formulated in terms of sums over all cones σ of the fan Σ, while the second version is formulated in terms of sums over all faces Γ of the support polytope P . Also, in this section we describe the corresponding generating functions and compare our results with the original Bott formula.
In section 3, we introduce the notion of p-th Hilbert-Erhart polynomial E p (ν) coinsiding with the usual Hilbert-Erhart polynomial E(ν) when p = 0. Serre duality and Hilbert-Erhart polynomials give a comparation of two versions of Bott formula. I hope, that p-th Hilbert-Erhart polynomial has an independent interest in combinatorics and in intersection theory.
In section 4, we give two apllications of Bott formula. First, we compute the dimension of the space of global sections It is known from the general theory of toric varieties (see, for example [4] ) that the cohomology group H q (X, L) admits an eigenspace decomposition
for q = 0 and vanishes for q > 0.
where m τ (L) is a unique lattice point of M such that
Definition 2.1.2 Each face P σ of P corresponding to the cone σ ∈ Σ is defined as
Definition 2.1.3 Denote the set of all k-dimensional cones of Σ by Σ(k) and by |Σ(k)| the number of all k-dimensional cones of Σ, i.e. the cardinality of Σ(k).
Definition 2.1.4 Denote by l(P ) the number of integer points in polytope P . Also, let l(P σ ) be the number of integer points contained in the face P σ of P and
sum over all n − j-dimensional faces of P , where each summand is the number of integer points in n − j-dimensional face of P .
One can identify as in [4] a closure V (σ) in X of any torus-invariant orbit orb(σ) corresponding to σ ∈ Σ with a toric variety with respect to a fan glued from the cones (τ + (−σ))/Rσ in N R /Rτ , where Rσ = σ + (−σ) is the smallest R-subspace containing σ of N R .
Proposition 2.1.5 (V.V. Batyrev and D. Cox [9], Proposition 4.10). If L is an ample invertible sheaf on X, then one has a one-to-one correspondence between
Now recall the construction of complex which has been introduced and studied by M.-N. Ishida and T. Oda in [11] , [4] and [12] , known as Ishida's p-th complex of O X -modules. Ishida's complex will play an important role in proof of the first version of generalization of Bott formula.
sheaf of meromorphic pforms with logarithmic poles along D(σ). There exists an isomorphism of
Now, for each pair of integers p and q we let
and L p,q X = 0 otherwise.
i.e.
where R σ/τ is the tensor product of the restriction map O V (σ) → O V (τ ) with the interior product δ σ/τ whenever σ is a face of τ and zero otherwise. The definition of δ σ/τ is the following. Homomofphism δ σ/τ is defined to be zero when σ is not a face of τ . On the other hand, if σ is a face of τ , then we can determine a primitive element n ∈ N uniquely modulo N ∩ Rσ so that
can be written as a finite linear combination of
Actually, R σ/τ is the Poincaré residue map for the component
Theorem 2.1.8 (Oda [4] , Theorem 3.6). If X be a simplicial toric variety, then for each 0 ≤ p ≤ n there exists an exact sequence
Theorem 2.1.9 Generalized Bott formula (I) Let X be a complete simplicial toric variety, O X (D) be an invertible sheaf on X with support polytope P , and
The first assertion for L ≃ O X is proved in theorem 3.11 of Oda's book [4] . Consider the case when L is ample. Take a tensor multiple of complex (1) 
Since L is ample, we can apply theorem 7.2 in [9] to obtain H q (X, Ω p X ⊗ O X L) = 0 for every q > 0. Thus from the corresponding long exact sequence of cohomologies
we have
By proposition 2.1.5 we have that
, which proves our theorem.
Corollary 2.1.10 One has the following formulas
Remark that the extreme right hand side equality in the first formula contains in theorem 3.11 of [4] and follows from the Serre duality h p (X, Ω p X ) = h n−p (X, Ω n−p X ) for the Hodge numbers of X.
Second formulation
Another approach follows to the second version of generalisation of Bott formula. Here we give two independent proofs of this formula.
Consider that X is a complete simplicial toric variety. Assume that O X (D) is an ample invertible sheaf on X determinating the convex polytope P . Firstly, note that one can associate a "small" toric variety, i.e. the closure of each T-orbit of X, not only with cone σ ∈ Σ as in remark after definition 2.1.4, but with each face Γ of polytope P , since we have the one-to-one correspondence between faces Γ = P σ of the polytope P and cones σ of the fan Σ. Let X Γ be a closed subset of a complete simplicial toric variety X associated with face Γ of the polytope P , i.e. a complete simplicial toric variety too. For Γ = P we let X P = X. Define an anticanonical effective divisor D Γ on each X Γ by
where orb(Γ) is an orbit corresponding to the face Γ. 
where Θ runs over all facets of Γ and R Γ is the restriction homomorphism.
Definition 2.2.2 Denote by l * (P ) the number of integer points in the relative interior of polytope P . Also, let l * (Γ) be the number of integer points contained in the relative interior of face Γ of polytope P .
Definition 2.2.3 Let X be a projective variety over C. Denote an Euler characteristic of the sheaf F on X as a sum
Note the following key property of the sheaf Ω
Proposition 2.2.4 Let X be a complete simplicial toric variety and X Γ be a closed subset of X associated with face Γ of the support polytope P corresponding to an invertible sheaf
Proof. The statement follows directly from the remark after proposition 2.10 of [3] after taking restriction of the sheaf L on X Γ . Here the main result of this subsection. 
Consider the case when L ≃ O X . The vanishing of H q (X, Ω p X ) for q = p is proved in theorem 3.11 of [4] . The formula
is the statement of corollary 2.5 of [3] . Here we give another proof of this fact. One has a short exact sequence
obtained from the complex (2) for Γ = P , where Θ runs over all facets of P . Consequently, we have
or, by proposition (2.2.4),
Now we can apply the sequence (2) again to find the dimension of h p (X, Ω p X Θ ):
where Π runs over all facets of Θ. We may iterate this process again to get the desired formula. Thus the induction proves the first assertion.
Consider the case when L is ample. Take a tensor multiple of complex (2) 
Let us apply (2) in particular when Γ = P :
Consequently, by the vanishing theorem 7.2 in [9] and proposition (2.2.4) we have
Using the decreasing induction on faces as above we get the request formula, which completes the proof of theorem.
Definition 2.2.6
Denote by Π(k) the set of k-dimensional faces of polytope P and by |Π(k)| the number of all k-dimensional faces of P , i.e. the cardinality of Π(k).
Corollary 2.2.7 One has the following formulas
where P *
The extreme right hand side equality in first formula follows from the Serre duality h p (X, Ω p X ) = h n−p (X, Ω n−p X ). The others is obvious. 
where V P (m) is the C-subspace in M C := M ⊗ C generated by the smallest face of P containing m.
Since the support polytope P admits a naturial partition P = ∪ Γ Int(Γ), where Int(Γ) is the relative inerior of the face Γ for dim Γ > 0 and a vertex of P for dim Γ = 0, it is easy to see that for all m ∈ Int(Γ) the minimal faces P (m) of P containing m must coinside. From this note we have
this proves the second formula in theorem 2.2.5 again.
Remark 2.2.10 Generalized Euler short exact sequence given in theorem 12.1 of [9] provides another way to obtain the generalized Bott formula for p = 1 and p = n − 1.
Question 2.2.11 Let ψ L be a support function with respect to an invertible sheaf L, i.e. a real valued function on the support |Σ| := ∪ σ∈Σ σ, which is linear and integer on each cone σ ∈ Σ with property
For each lattice point m ∈ M define a closed subset of |Σ| by
and also, define the cohomology group of |Σ| with support in Z(L, m) and with complex coefficients by H q Z(L,m) (|Σ|, C). The following formula (for a proof, see [4] ) describes the M -graded parts of eigenspace decomposition of the cohomology group H q (X, L)
Is there analogy of this decomposition with respect to the cohomologies
Question 2.2.12 Let X be a projective toric variety over k. Since the Bott vanishing theorem
where i > 0 and L is an ample invertible sheaf, holds true as proved in [13] , it would be interesting to find the generalization of Bott formula for any prime characteristic p > 0.
Relation with the original Bott formula and some combinatorial identies
Compare our results with the original Bott formula. Let us reformulate the Bott formula for X = P n in a more convenient way. Recall that O P n (k) is ample if and only if k > 0.
Theorem 2.3.1 Original Bott formula for k ≥ 0 Let P n be an n-dimensional complex projective space and
Note that the support polytope P for O P n (k) is a simplex
It is easy to see that
for all 0 ≤ j ≤ n + 1 and 0 ≤ s ≤ n + 1. It remains to show that the combinatorial identities
hold true. Let us prove the simplest identities (a ′ ) and (a ′′ ). To prove (a ′ ) it is sufficient to check the functional equation
which follows from the corollary 2.1.10. But the last is obvious, because if we rewrite the sum
in the form
then we get the required. Identity (a ′′ ) is equivalent to (a ′ ), since from the corollary 2.1.10 it is sufficient to show the equality
Hence the required follows from the obvious renumbering of index
Remark, that by the authors request, A.P. Uzhakov computed the remain identies (b ′ ) and (b ′′ ). The proof is based on the method of integral representations for combinatorial sums in spirit of work [14] .
Hilbert-Erhart polynomials and Serre duality
Bott formula has an independent interest in toric geometry and follows to the very interesting computation of algebro-geometric and combinatorial invariants. For example, our investigation leads to the remarkable notion of p-th Hilbert-Erhart polynomial which generalize the usual Hilbert-Erhart polynomial in case p = 0 and endow some properties of usual Hilbert-Erhart polynomial. Firstly, Serre duality gives one generalisation of well-known inversion formula and helps to compare two forms of Bott formula given in theorem 2.1.9 and in theorem 2.2.5. Besides, in this section we study some properties of p-th Hilbert-Erhart polynomial.
Recall the result of Kleiman proved in [15] for any complete variety. 
of degree ≤ n in a variable ν and is Z-valued on Z.
Definition 3.2 Let L = O X (D) be an invertible sheaf corresponding to the Cartier divisor D on a complete toric variety X. We call the polynomial
by p-th Hilbert-Erhart polynomial.
When ν ∈ Z + := {ν ∈ Z : ν ≥ 0} and L is ample, the polynomial E 0 (ν) = E(ν) is the usual Hilbert polynomial for the pair (X, D) defined as
and coinside with the Erhart polynomial of the polytope P defined as
where l(νP ) is the number of integer points conained in polytope νP . By these reasons we do not see the difference between the Hilbert polynomial for the pair (X, D) and the Erhart polynomial of the polytope P and call E(ν) by Hilbert-Erhart polynomial.
Note, that the first form of generalized Bott formula yields
where l * (νP ) is the number of integer points in the relative interior of polytope νP and P (j)
l(νP σ ). Last equality holds because each point in the relative interior of face of codimension
times in the sum
Recall a well-known inversion formula for E(ν)
see [5] , [4] . Application of Serre duality gives a more general result.
Proposition 3.3
The p-th Hilbert-Erhart polynomial E p (ν) satisfies the duality property
where X denotes the degree homomorphism X : A n (X) Q → Q. The multiplication law for the Chern character ch(Ω p X ⊗ O X O X (νD)) gives an expression for the coefficients e pk of E p (ν)
The well-known property of the top coefficient e 0n of usual Hilbert-Erhart polynomial E(ν) = E 0 (ν) is
where V ol(P ) is the normalized volume of P . We claim that in general
One proof of this fact immediately follows from 2) of theorem 2.1.9. On the other hand, zero term of the Chern character ch(Ω p X ) is equal to the rank of Ω p X , see example 3.2.3 of [16] , which is n p , and the others is a consequence of (4).
Example 3.7 We may compute E p (ν) completely in the easiest case when n = 2. Notice that Pick's formula produce the numbers of integer points of a convex polytope in the plane:
l(P ) = Area(P ) + 1 2 · Perimeter(P ) + 1,
where the perimeter and area of each face of P should be measured from the restricted lattices so that Area(square) = 1 and Perimeter(segment) = 1 respectively. By Pick's formula we have E 0 (ν) = ν 2 · Area(P ) + ν 2 · Perimeter(P ) + 1, E 1 (ν) = 2ν 2 · Area(P ) + 1, E 2 (ν) = ν 2 · Area(P ) − ν 2 · Perimeter(P ) + 1. 
Thus, from the induction we can get
The generalized Bott formula 2.1.9 and proposition 2.1.5 imply
We just proved the following statement. We will apply the second version of generalized Bott formula given in theorem 2.2.5 to the previous equality to get the following result. 
